Abstract. In the present paper we study unconditionally p-converging operators and Dunford-Pettis property of order p. New characterizations of unconditionally p-converging operators and Dunford-Pettis property of order p are established. Six quantities are defined to measure how far an operator is from being unconditionally p-converging. We prove quantitative versions of relationships of completely continuous operators,unconditionally p-converging operators and unconditionally converging operators. We further investigate possible quantifications of the Dunford-Pettis property of order p.
Introduction and notations
Throughout the paper, p * denotes the conjugate number of p for 1 ≤ p < ∞; if p = 1, l p * plays the role of c 0 . X, Y will denote real (or complex) Banach spaces and L(X, Y ) the space of all the operators (=continuous linear maps) between X and Y . K(X, Y ) denotes the space of all the compact operators between X and Y . Let X be a Banach space, 1 ≤ p < ∞ and we denote l p (X) by the set of all p-summable sequences in X with the natural norm (x n ) n p = ( 
It is a well-known result of A. Grothendieck ([15] , [12, Proposition 2.2] )that the canonical correspondence T → (T e n ) n provides an isometric isomorphism of L(l p * , X) onto l w p (X). A sequence (x n ) n ∈ l We denote the set of all unconditionally p-summable sequences on X by l u p (X). It is obvious that (x n ) n is unconditionally 1-summable if and only if (x n ) n is unconditionally summable. J. H. Fourie and J. Swart proved that the same correspondence T → (T e n ) n provides an isometric isomorphism of K(l p * , X) onto l u p (X) (see [14] ). Let us recall that an operator T : X → Y is unconditionally converging if T takes weakly 1-summable sequences to unconditionally 1-summable sequences. For p = ∞, the space l u ∞ (X) is identical to c 0 (X), the space of all norm null sequences in X. Henceforth, for p = ∞, we refer to consider the space c w 0 (X) of weakly null sequences in X, instead of l w ∞ (X) = l ∞ (X). Recall that an operator T : X → Y is completely continuous if T takes weakly null sequences to norm null sequences. It is well-known that p-summing operators are precisely those operators which take weakly p-summable sequences(unconditionally p-summable sequences) to p-summable sequences. A natural question arises: what are operators which take weakly p-summable sequences to unconditionally p-summable sequences? This is the starting point of our investigation. The paper is organized as follows:
In Section 2, we introduce the concept of unconditionally p-converging operators(1 ≤ p ≤ ∞), which is the extension of unconditionally converging operators and completely continuous operators. It is proved that unconditionally p-converging operators coincide with the p-converging operators introduced by J. M. F. Castillo and F. Sánchez in [7] although their original definitions are different. New concepts of weakly p-Cauchy sequences and weakly p-limited sets are introduced to characterize unconditionally p-converging operators. We establish characterizations of weakly plimited sets and investigate connections between weakly p-limited sets and relatively norm compact sets. A counterexample is constructed to show that an operator is unconditionally p-converging not precisely when its second adjoint is.
Section 3 is concerned with Dunford-Pettis property of order p (DP P p for short) introduced in [7] , which is a generalization of the classical Dunford-Pettis property. It turns out that many classical spaces failing Dunford-Pettis property enjoy DP P p , such as Hardy space H 1 and Lorentz function spaces Λ(W, 1). In this section, we use weakly p-Cauchy sequences and weakly p-limited sets to characterize DP P p . New characterizations of DP P p in dual spaces are obtained. We also introduce the notion of hereditary Dunford-Pettis property of order p and establish its characterizations.
In particular, we prove that a Banach space X has the hereditary DP P p if and only if every weakly p-summable sequence in X admits a weakly 1-summable subsequence.
UNCONDITIONALLY p-CONVERGING OPERATORS AND DUNFORD-PETTIS PROPERTY OF ORDER p 3
Finally, the surjective Dunford-Pettis property of order p, a formally weaker property than DP P p , is introduced and its characterizations are obtained.
In the last two sections of the present paper we investigate possibilities of quantifying unconditionally p-converging operators and the Dunford-Pettis property of order p. This is inspired by a large number of recent results on quantitative versions of various theorems and properties of Banach spaces (see [1, 3, 13, 17, 18, 19] ). Section 4 contains quantitative versions of the implications among three classes of operatorscompletely continuous,unconditionally p-converging and unconditionally converging ones. M. Kačena, O. F. K. Kalenda and J. Spurný have already defined a quantity measuring how far an operator is from being completely continuous in [17] . In this section, we define another equivalent quantity measuring complete continuity of an operator. We further define six quantities measuring how far an operator is from being unconditionally p-converging. Moreover, we show that one of the six new quantities is equal to the quantity defined in [20] to measure how far an operator is unconditionally converging in case of p = 1.
In Section 5 we introduce a new locally convex topology and give two topological characterizations of Dunford-Pettis property of order p. Using the introduced quantity measuring unconditional p-convergence of an operator and the new locally convex topology, we show that the Dunford-Pettis property of order p is automatically quantitative in a sense. We also define two quantities measuring how far a set is weakly p-limited. One of the two new quantities is used to quantify the DunfordPettis property of order p. The other is used to define a stronger quantitative version of Dunford-Pettis property of order p. Several characterizations of this quantitative version of Dunford-Pettis property of order p are established.
The reader is referred to [12] and [22] for any unexplained notation or terminology.
Unconditionally p-converging operators
Definition 2.1. Let 1 ≤ p ≤ ∞. We say that an operator T : X → Y is unconditionally p-converging if T takes a weakly p-summable sequence (
We begin with a simple, but extremely useful, characterization of unconditionally p-converging operators. (1) T is unconditionally p-converging; (2) T S is compact for any operator S ∈ L(l p * , X)(L(c 0 , X) for p = 1).
. By the ideal property of unconditionally p-converging operators, T S is unconditionally pconverging. Since (e n ) n is weakly p-summable in l p * (1 < p < ∞)(c 0 for p = 1), (T Se n ) n is unconditionally p-summable. Then there exists a compact operator R :
Then there exists an operator S : l p * → X(1 < p < ∞)(S : c 0 → X for p = 1) such that Se n = x n (n = 1, 2, ...). By (2), we get (T Se n ) n is unconditionally p-summable. Thus T S is unconditionally p-converging.
Before another frequently useful characterization of unconditionally p-converging operators is given, we recall the notion of weakly p-convergent sequences introduced in [8] . A sequence (x n ) n in a Banach space X is said to be weakly p-convergent to x ∈ X(1 ≤ p ≤ ∞) if the sequence (x n − x) n is weakly p-summable in X. Weakly ∞-convergent sequences are simply the weakly convergent sequences. It is natural to generalize weakly Cauchy sequences to the general case 1 ≤ p ≤ ∞. Definition 2.2. Let 1 ≤ p ≤ ∞. We say that a sequence (x n ) n in a Banach space X is weakly p-Cauchy if for each pair of strictly increasing sequences (k n ) n and (j n ) n of positive integers, the sequence (x kn − x jn ) n is weakly p-summable in X.
Obviously, every weakly p-convergent sequence is weakly p-Cauchy, and the weakly ∞-Cauchy sequences are precisely the weakly Cauchy sequences. Proof. (1) ⇒ (2). Suppose that (x n ) n is weakly p-convergent in X. We may assume that (x n ) n is weakly p-summable. Then there exists an operator S : l p * → X, 1 < p < ∞(S : c 0 → X for p = 1) such that Se n = x n (n = 1, 2, ...). By Theorem 2.1, T S is compact and hence (T Se n ) n is relatively compact. Consequently, lim n→∞ T Se n = 0.
(2) ⇒ (3). Let (x n ) n be a weakly p-Cauchy sequence in X. By (2), for each pair of strictly increasing sequences (k n ) n and (j n ) n of positive integers, the sequence (T x kn − T x jn ) n converges to 0 in norm and hence (T x n ) n converges in norm.
(3) ⇒ (1). Suppose that T is not unconditionally p-converging. By Theorem 2.1, the operator T S is non-compact for some operator S ∈ L(l p * , X)(1 < p < ∞)(L(c 0 , X) for p = 1). Then there exists a weakly null sequence (z n ) n in l p * (1 < p < ∞)(c 0 for p = 1) such that T Sz n > ǫ 0 > 0(n = 1, 2, ...). By passing to subsequences, we may assume that the sequence (z n ) n is equivalent to the unit vector basis (e n ) n in l p * . Let R : l p * → l p * be an isomorphic embedding with Re n = z n (n = 1, 2, ...). Let x n = SRe n . Then (x n ) n is weakly p-summable in X and hence weakly p-Cauchy. By the assumption, (T x n ) n converges to 0 in norm, but
which is a contradiction.
It should be noted that Theorem 2.2(2) is the definition of the so called p-converging operators defined by J. M. F. Castillo and F. Sánchez in [7] . In this note, we use the terminology unconditionally p-converging operators instead of p-converging operators.
Recall that a subset K of a Banach space X is relatively weakly p-compact (1 ≤ p < ∞) if K is contained in S(B l p * ) for 1 < p < ∞(S(B c 0 ) for p = 1) for some operator S from l p * (c 0 for p = 1) into X (see [25] ). A subset K of a Banach space X is said to be relatively weakly p-precompact if every sequence in K admits a weakly p-convergent subsequence (see [6] ). Bessaga-Pe lczyński Selection Principle yields that every relatively weakly p-compact set is relatively weakly p-precompact for any 1 < p < ∞. But the converse needs not to be true. Let X = (
It follows from Bessaga-Pe lczyński Selection Principle that B X is relatively weakly pprecompact. But B X is not relatively weakly p-compact because X is not isomorphic to a quotient of l p * . Another counterexample is L p (1 < p < ∞, p = 2). For each 1 < p < ∞, p = 2, B Lp is relatively weakly r-precompact, where r = max(p * , 2), but
is not relatively weakly r-compact because such L p is not isomorphic to a quotient of l r * .
By using the weakly p-Cauchy sequences, we can correspondingly define the conditionally weakly p-compact sets as follows: Definition 2.3. Let 1 ≤ p ≤ ∞. We say that a subset K of a Banach space X is conditionally weakly p-compact if every sequence in K admits a weakly p-Cauchy subsequence.
The following result,which follows from Theorem 2.2, says that unconditionally p-converging operators are precisely those operators that send conditionally weakly p-compact subsets onto relatively norm compact subsets. Definition 2.4. Let X be a Banach space and 1 ≤ p < ∞. We say that a bounded subset K of X * is weakly p-limited if lim n→∞ sup x * ∈K | < x * , x n > | = 0 for every
The following result, an immediate consequence of Theorem 2.2, is a characterization of unconditionally p-converging operators in terms of weakly p-limited subsets. J.M.F.Castillo and F.Sánchez said that a Banach space X ∈ W p (1 ≤ p < ∞) if any bounded sequence in X admits a weakly p-convergent subsequence (see [8] ). We use this notion to characterize weakly p-limited sets. (1) K is weakly p-limited;
(2) For all spaces Y ∈ W p and for every operator T from Y into X, the subset
is relatively norm compact;
not relatively norm compact. Then there exists a sequence (x * n ) n in K such that (T * x * n ) n admits no norm convergent subsequences. Since Y * is reflexive, by passing to a subsequence if necessary we may assume that (T * x * n ) n converges weakly to some y * ∈ Y * and T * x * n − y * > ǫ 0 for some ǫ 0 > 0 and for all n ∈ N. For each n,
passing to a subsequence again if necessary one can assume that the sequence (y n ) n is weakly p-convergent to some y ∈ Y . Thus, by hypothesis, we get lim n→∞ sup x * ∈K | < x * , T y n − T y > | = 0. Note that, for each n ∈ N,
This implies that lim n→∞ < T * x * n − y * , y n >= 0, which is a contradiction.
Then there exists an operator T from l p * into X such that T e n = x n for all n ∈ N. It follows from (3) that T * (K) is relatively norm compact. By the well-known characterization of relatively norm compact subsets of
By Theorem 2.5, we see that relatively norm compact sets are weakly p-limited.
But Theorem 2.4 demonstrates that there are many weakly p-limited sets which are not relatively norm compact. Indeed, for each 1 < p < ∞ and for each 1 < r < p * , the identity map I r on l r is unconditionally p-converging and hence the unit ball B l r * of l r * is weakly p-limited. In the following result, we use biorthogonal sequences to characterize weakly p-limited sets which are not relatively norm compact.
Theorem 2.6. Suppose that X is reflexive and K is a weakly p-limited subset of X * .
If K is not relatively norm compact, then there exits a seminormalized biorthogonal
n is a basic sequence and (x n ) n has no weakly p-Cauchy subsequence.
Proof. Suppose that K is not relatively norm compact, and let (f n ) n be a sequence in K with no norm convergent subsequence. Since X is reflexive, we may assume that the sequence (f n ) n converges weakly. Then there exist two strictly increasing sequences (k n ) n and (j n ) n of positive integers and ǫ 0 > 0 such that
Then (x * n ) n is weakly null. By BessagaPe lczyński Selection Principle, we can assume that (x * n ) n is a basic sequence. Let (x * * n ) n be the associated sequence of coefficient functionals, and for each n ∈ N, let x n ∈ X be a Hahn-Banach extension of x * * n to all of X * . Then the sequence (x n , x * n ) n is seminormalized and biorthogonal.
It remains to show that (x n ) n has no weakly p-Cauchy subsequence. If (y n ) n is a weakly p-Cauchy subsequence of (x n ) n , then (y n+1 − y n ) n is weakly p-summable.
Since K is weakly p-limited, the subset K − K is also weakly p-limited, which implies
A consequence of Theorem 2.6 is that for any 1 < p < ∞, there exists a relatively weakly compact sequence that admits no weakly p-Cauchy subsequence. Moreover, it should be noted that the converse of Theorem 2.6 is true. Actually, it is easy to verify that if K is a subset of X * and the sequence (
The following result shows that an operator is unconditionally p-converging not precisely when its second adjoint is.
Theorem 2.7.
Proof. (1) . By the ideal property of unconditionally p-converging operators, J Y T is unconditionally p-converging, where
. By Theorem 2.1, J Y T S is compact and hence T S is compact. Again by Theorem 2.1, T is unconditionally p-converging.
(2). J. Bourgain and F. Delbaen (see [5] ) constructed a Banach space X BD such that X BD has the Schur property and X * * BD is isomorphically universal for separable Banach spaces. Since X BD has the Schur property, every operator from l p (1 < p < ∞) and from c 0 into X BD is compact. By Theorem 2.1, every operator with domain X BD universal for separable Banach spaces, there exists a closed subspace X p * (X 0 for p = 1) of X * * BD such that X p * is isomorphic to l p * for 1 < p < ∞ (X 0 is isomorphic to c 0 for p = 1). This implies that I * * X BD = I X * *
BD
is not l p * -strictly singular for 1 < p < ∞ (c 0 -strictly singular for p = 1). Thus I * * X BD = I X * *
is not unconditionally p-converging.
For p = ∞, the identity map I X BD is obviously completely continuous, but I * * X BD = I X * * BD is not completely continuous because X * * BD has not the Schur property.
Dunford-Pettis Property of order p
Let us recall that a Banach space X has the Dunford-Pettis property (in short, DPP) if for every Banach space Y , every weakly compact operator T : X → Y is completely continuous (see [16] ). An operator T : X → Y is said to be weakly compact if T B X is relatively weakly compact in Y . J. M. F. Castillo and F. Sánchez extended the classical Dunford-Pettis property to the general case for 1 ≤ p ≤ ∞ in [7] . Let 1 ≤ p ≤ ∞. A Banach space X is said to have the Dunford-Pettis property of p (in short, DP P p ) if for every Banach space Y , every weakly compact operator T : X → Y is unconditionally p-converging. Many classical spaces failing the DPP enjoy the DP P p . A simple observation is that if a Banach space X has cotype q < ∞, then X has the DP P p for any 1 < p < q * . Thus, the classical Hardy space H 1 , which fails the DPP (see [10] ), has the DP P p for any 1 < p < 2. It is known that all the Lorentz function spaces Λ(W, 1)'s fail the DPP (see [10] ). But there are certain positive results for DP P p . For example, if we take
, t ∈ (0, 1], then the space Λ(W, 1) has the DP P p for some 1 < p ≤ 2. Another non-reflexive space failing the DPP is the interesting space L built in [21] . Indeed, it was shown in [4] that even duals of L fail the DPP and odd duals of L fail the surjective DPP, which is genuinely weaker than the DPP. Moreover, F. Bombal, P. Cembranos and J. Mendoza proved that for any 1 ≤ p < ∞,every operator from L into l p is compact (see [4] ). This means that L * has the DP P p for any 1 < p < ∞. More examples can be found in [7] .
Let us start with a characterization of the DP P p by means of weakly p-limited sets.
Theorem 3.1. Let 1 < p < ∞. A Banach space X has the DP P p if and only if each relatively weakly compact subset of X * is weakly p-limited.
Proof. The sufficient part follows immediately from Theorem 2.4. On the other hand, let K be a relatively weakly compact subset of X * . By the Davis-Figiel-JohnsonPe lczyński factorization lemma (see [9] ), there exists a reflexive space Z, which is a linear subspace of X * , such that the inclusion map J : Z → X * is bounded and the unit ball B Z of Z contains K. Since Z is reflexive, there is an operator T : X → Z * such that T * = J. By the assumption, T is unconditionally p-converging. By Theorem 2.4, the set T * (B Z ) = J(B Z ) = B Z is weakly p-limited in X * . Thus K is also weakly p-limited.
Let us remark that for each 1 < p < ∞, there exists a weakly p-limited set which is not relatively weakly compact. Indeed, we take X = L * , where the space L is built in [21] . As mentioned above, the identity I X on X is unconditionally p-converging for each 1 < p < ∞. It follows from Theorem 2.4 that the unit ball B X * is weakly p-limited, but it is not weakly compact because the space L is non-reflexive.
The following result is an internal characterization of the DP P p .
It is a refinement of [7, Proposition 3.2] . (1) X has the DP P p ; (2) Every weakly compact operator T from X into c 0 is unconditionally p-converging; (3) lim n→∞ < x * n , x n >= 0, for every weakly p-Cauchy sequence (x n ) n in X and every weakly null sequence (x * n ) n in X * ;
(4) lim n→∞ < x * n , x n >= 0, for every (x n ) n ∈ l w p (X) and every weakly null sequence (x * n ) n in X * ;
(5) lim n→∞ < x * n , x n >= 0, for every (x n ) n ∈ l w p (X) and every weakly Cauchy sequence
. Given a weakly p-Cauchy sequence (x n ) n in X and a weakly null sequence (x * n ) n in X * . Define an operator T : X → c 0 by
Since (x * n ) n converges to 0 weakly, T * is weakly compact and so is T . By (2), T is unconditionally p-converging. By Theorem 2.2, (T x n ) n converges to some ξ = (ξ k ) k ∈ c 0 in norm. Let ǫ > 0. There exists a positive integer N 1 such
for all n > N 1 . Choose another positive integer N 2 such that |ξ k | < ǫ 2 for all k > N 2 . By the definition of T , we have | < x * n , x n > | < ǫ for all n > max (N 1 , N 2 ) . Thus lim n→∞ < x * n , x n >= 0. (4) ⇒ (5). If (x n ) n is weakly p-summable in X and (x * n ) n is weakly Cauchy in X * , yet (< x assume that | < x * n , x n > | > ǫ 0 for some ǫ 0 > 0 and all n ∈ N. Since (x n ) n is weakly p-summable and in particular weakly null, there exists a subsequence (x kn ) n of (x n ) n such that | < x * n , x kn > | < ǫ 0 2 for all n ∈ N. Since (x * n ) n is weakly Cauchy, we see that (x * kn − x * n ) n is weakly null. By (3), lim n→∞ < x * kn − x * n , x kn >= 0. This implies that
for n large enough. But for such n's, we have
(5) ⇒ (1). Let T : X → Y be a weakly compact operator. Let us suppose that T is not unconditionally p-converging. Appealing again to Theorem 2.2, we obtain a weakly p-summable sequence (x n ) n in X and ǫ 0 > 0 such that T x n > ǫ 0 (n = 1, 2, ...). Pick y * n ∈ Y * such that < y * n , T x n >= T x n and y * n = 1 for all n ∈ N. Since T is weakly compact, so is T * . Hence there is a subsequence (y * kn ) n of (y * n ) n such that the sequence (T * y * kn ) n converges weakly and hence is weakly Cauchy. The assumption ensures that the sequence (< T * y * kn , x kn >) n = ( T x kn ) n converges to 0, which is a contradiction. Corollary 3.3. Let 1 < p < ∞. If X * * has the DP P p , then so is X.
The converse of Corollary 3.3 is not true. In fact, the Banach space X = ( n l n 2 ) c 0 enjoys the DPP, but X * * = ( n l n 2 ) l∞ contains a complemented copy of l 2 . Since l 2 fails the DP P p for any 2 ≤ p < ∞, X * * also fails the DP P p for any 2 ≤ p < ∞. In the case of the classical DPP, there is a result better than Corollary 3.3: If X * has the DPP, then X has the DPP too (see [10] ). The analogous result is not true for the DP P p : for each 1 < p < ∞, every operator from l p into Tsirelson's space T is compact, hence T has the DP P p for any 1 < p < ∞. But, for each 1 < p < ∞, there is a non-compact operator from l p into T * . Thus, for each 1 < p < ∞, T * fails the DP P p . 
n , x n >= 0, for every weakly p-Cauchy sequence (x * n ) n in X * and every weakly null sequence (x n ) n in X; (5) lim n→∞ < x * n , x n >= 0, for every (x * n ) n ∈ l w p (X * ) and every weakly null sequence
Proof. We only prove (2) ⇒ (3) and (5) ⇒ (1).
(2) ⇒ (3). Assuming the contrary, we can find (x * n ) n ∈ l w p (X * ) and a weakly Cauchy sequence (x n ) n in X such that | < x * n , x n > | > ǫ 0 for some ǫ 0 > 0 and all n ∈ N. Since (x * n ) n is weakly null, there exists a subsequence (x * kn ) n of (x * n ) n such that
Define an operator S : X * → c 0 by
It is easy to check that S * e n = x n − x kn (n = 1, 2, ...), where (e n ) n is the unit vector basis of l 1 . Thus the operator S * maps l 1 into X and is weakly compact. By (2), the operator S * * is unconditionally p-converging. Moreover, an easy verification shows that S * * = S. By Theorem 2.2, we get lim n→∞ Sx * kn = 0. It follows from the definition of the operator S that lim n→∞ | < x * kn , x n − x kn > | = 0, which is a contradiction.
(5) ⇒ (1). By Theorem 3.2, it is enough to verify that for every (x * n ) n ∈ l w p (X * ) and every weakly null sequence (x * * n ) n in X * * , the sequence (< x * * n , x * n >) n converges to 0. Now we suppose that it is false. Then, by passing to subsequences, we may assume that | < x * * n , x * n > | > ǫ 0 for some ǫ 0 > 0 and all n ∈ N. Of course, we may also assume that x * * n ≤ 1 for all n ∈ N. It follows from Goldstine's Theorem that for each n ∈ N, there exists an
for all n ∈ N. By Rosenthal's Theorem, (x n ) n has a weakly Cauchy subsequence, which is still denoted by (x n ) n . Then there exists a subsequence (x * kn ) n of (x * n ) n such that | < x * kn , x n > | < ǫ 0 3 for all n ∈ N. By (5), we get lim n→∞ < x * kn , x kn − x n >= 0, which implies that | < x * kn , x kn − x n > | < for n large enough. It is easy to verify that for such n's, | < x * kn , x kn > | < . This contradiction completes the proof. Definition 3.1. Let 1 < p < ∞. We say that a Banach space X has the hereditary Dunford-Pettis property of order p (in short, hereditary DP P p )if every (closed) subspace of X has the DP P p .
We present a useful characterization of hereditary DP P p . We need a J. Elton's result that can be found in [11] .
Lemma 3.5. [11] If (x n ) n is a normalized weakly null sequence of a space X such that no subsequence of it is equivalent to the unit vector basis (e n ) n of c 0 , then (x n ) n has a subsequence (y n ) n for which given any subsequence (z n ) n of (y n ) n and any sequence (α n ) n ∈c 0 we have sup n n k=1 α k z k = +∞. Theorem 3.6. Let X be Banach space and 1 < p < ∞. The following are equivalent: (1) X has the hereditary DP P p ; (2) Every normalized weakly p-summable sequence in X admits a subsequence that is equivalent to the unit vector basis of c 0 ; (3) Every weakly p-summable sequence in X admits a weakly 1-summable subsequence; (4) Every weakly p-summable sequence in X admits a subsequence (y n ) n such that sup N N n=1 y n < ∞.
Proof. (1) ⇒ (2)
. Let (x n ) n be a normalized weakly p-summable sequence in X such that it admits no subsequence that is equivalent to the unit vector basis (e n ) n of c 0 . It follows from Lemma 3.5 that (x n ) n has a subsequence (y n ) n as stated in Lemma 3.5. By Bessaga-Pe lczyński Selection Principle, we may assume that (y n ) n is a basic sequence. Let X 0 = span{y n : n = 1, 2, ...}. Let (y * n ) n ⊂ X * 0 be the coefficient functionals of the basic sequence (y n ) n . For each N, define a projection P N : X 0 → X 0 by
Then the projection P N 's are uniformly bounded in operator norm. An easy verification shows that P * * N y * * = N n=1 < y * * , y * n > y n for all y * * ∈ X * * 0 . Lemma 3.5 and the uniform boundedness of the projection P N 's imply that (< y * * , y * n >) n ∈ c 0 for all y * * ∈ X * * 0 , that is, (y * n ) n is weakly null. Since < y * n , y n >= 1 for all n ∈ N, it follows from Theorem 3.2 again that X 0 fails the DP P p .
(2) ⇒ (3) and (3) ⇒ (4) are obvious.
(4) ⇒ (1). Take a subspace X 0 of X that fails the DP P p . Appealing to Theorem 3.2, we obtain a weakly compact operator T : X 0 → c 0 which is not unconditionally p-converging. Applying Theorem 2.2, we get a normalized weakly p-summable sequence (x n ) n in X such that T x n ≥ ǫ 0 for all n ∈ N. Bessaga-Pe lczyński Selection Principle allows us to assume that the sequence (T x n ) n is equivalent to the unit vector basis (e n ) n of c 0 . By the weak compactness of T , the sequence (x n ) n admits no subsequence equivalent to the unit vector basis (e n ) n . By Lemma 3.5, the sequence (x n ) n admits a subsequence (y n ) n for which given any subsequence (z n ) n of (y n ) n , one has sup N N n=1 z n = ∞.
A direct consequence of Theorem 3.6 is the following corollary:
Corollary 3.7. If a Banach space X has the hereditary DP P p , then each weakly psummable sequence in X admits a subsequence (x n ) n such that lim n→∞ n k=1 x k /n 1 p * = 0.
We close this section with the surjective DP P p , a formally weaker property than the DP P p . By the Davis-Figiel-Johnson-Pe lczyński's factorization theorem (see [9] ), a Banach space X has the DP P p if and only if for all reflexive spaces Y , every operator from X into Y is unconditionally p-converging. We introduce the surjective DP P p by imposing that every surjective operator from X onto the reflexive space Y is unconditionally p-converging. The motivation for introducing the surjective DP P p was to extend the surjective DPP introduced in [21] . Definition 3.2. Let 1 < p < ∞. We say that a Banach space X has the surjective DP P p if for all reflexive spaces Y , every surjective operator from X onto Y is unconditionally p-converging.
The following are the internal characterizations of the surjective DP P p .
Theorem 3.8. The following are equivalent for a Banach space X and 1 < p < ∞: (1) X has the surjective DP P p ; (2) lim n→∞ < x * n , x n >= 0, for every weakly p-Cauchy sequence (x n ) n in X and every weakly null sequence (x * n ) n in X * such that span{x * n : n = 1, 2, ...} is reflexive; (3) lim n→∞ < x * n , x n >= 0, for every (x n ) n ∈ l w p (X) and every weakly null sequence (x * n ) n in X * such that span{x * n : n = 1, 2, ...} is reflexive; (4) lim n→∞ < x * n , x n >= 0, for every (x n ) n ∈ l w p (X) and every weakly Cauchy sequence (x * n ) n in X * such that span{x * n : n = 1, 2, ...} is reflexive.
Proof.
(1) ⇒ (2). Let (x n ) n ⊂ X and (x * n ) n ⊂ X * be as in (2) . Let Z = span{x * n : n = 1, 2, ...}. Then (Z ⊥ ) ⊥ = Z, where Z ⊥ := {x ∈ X :< x * , x >= 0 for all x * ∈ Z} and (Z ⊥ ) ⊥ := {x * ∈ X * :< x * , x >= 0 for all x ∈ Z ⊥ }. Let Q : X → X/Z ⊥ be the natural quotient. Then Q * : (X/Z ⊥ ) * → Z is a surjective isometrical isomorphism.
Let Q * f n = x * n , f n ∈ (X/Z ⊥ ) * for all n ∈ N. By (1), the quotient Q is unconditionally p-converging. By Theorem 2.2, the sequence (Qx n ) n converges in norm to Qx for some x ∈ X. Thus
Since (x * n ) n is weakly null, lim n→∞ < x * n , x >= 0.Therefore we have lim n→∞ < x * n , x n >= 0.
(2) ⇒ (3) is obvious. (3) ⇒ (4). Suppose that (4) is false. Then there exist a sequences (x n ) n ∈ l w p (X) and a weakly Cauchy sequence (x * n ) n in X * such that span{x * n : n = 1, 2, ...} is reflexive so that | < x * n , x n > | > ǫ 0 > 0 for all n ∈ N. Since the sequence (x n ) n converges to 0 weakly, there is a subsequence (x kn ) n of (x n ) n such that | < x * n , x kn > | < ǫ 0 2 for all n ∈ N. Since the space span{x * n : n = 1, 2, ...} is reflexive, the space span{x * n − x * kn : n = 1, 2, ...} is reflexive too. By the hypothesis, lim n→∞ < x * n − x * kn , x kn >= 0. Thus,
for n large enough, which implies that for such n's, | < x * kn , x kn > | < ǫ 0 , a contradiction. (4) ⇒ (1). Suppose that X fails the surjective DP P p . Then there exists a surjective operator T from X onto a reflexive space Y such that T is not unconditionally pconverging. By Theorem 2.2, there exists a normalized weakly p-summable sequence (x n ) n in X such that T x n > ǫ 0 for all n ∈ N. For each n, choose y * n ∈ Y * with y * n = 1 such that < y * n , T x n >= T x n . By the reflexivity of Y , we may assume that the sequence (y * n ) n converges to 0 weakly by passing to subsequences if necessary. Let x * n = T * y * n . Then the sequence (x * n ) n converges to 0 weakly too. Since T is surjective, the operator T * : Y * → X * is an isomorphic embedding. This implies that the space span{x * n : n = 1, 2, ...} is contained in T * (span{y * n : n = 1, 2, ...}) and hence is reflexive. By (4), lim n→∞ < x * n , x n >= 0, a contradiction because < x * n , x n >> ǫ 0 for all n ∈ N. This concludes the proof.
An immediate consequence of Theorem 3.8 is the following: Corollary 3.9. Let 1 < p < ∞. If X * * has the surjective DP P p , then so is X.
We also use the space X = ( n l n 2 ) c 0 to show that the converse of Corollary 3.9 is not true. The same argument shows that the space X = ( n l n 2 ) c 0 enjoys the surjective DP P p for any 1 < p < ∞, but X * * also fails the surjective DP P p for any 2 ≤ p < ∞.
The following result analogous to Theorem 3 in [4] shows that the surjective DP P p and the DP P p coincide for certain classes of Banach spaces. Theorem 3.10. If a Banach space X contains a complemented copy of l 1 , then X has the DP P p if and only if X has the surjective DP P p .
Quantifying unconditionally p-converging operators
As discussed above, we see that unconditionally p-converging operators are intermediate between completely continuous operators and unconditionally converging operators. Precisely, we have the following implications:
T completely continuous ⇒ T unconditionally p-converging ⇒ T unconditionally converging.
In this section, we quantify these implications. We need some necessary quantities. Let (x n ) n be a bounded sequence in a Banach space X. Set
This quantity is a measure of non-Cauchyness of the sequence (x n ) n . More precisely, ca((x n ) n ) = 0 if and only if (x n ) n is norm Cauchy. In [17] , an important quantity measuring how far an operator T : X → Y is from being completely continuous, denoted as cc(T ), is defined by
Obviously, T is completely continuous if and only if cc(T ) = 0. In this note, we define another equivalent quantity measuring the complete continuity of an operator T : X → Y as follows:
Obviously, T is completely continuous if and only if cc n (T ) = 0. The following theorem demonstrates these two quantities are equivalent.
To prove Theorem 4.1, we need the following lemma.
Lemma 4.2. Let X be a Banach space and (x n ) n be a weakly null sequence in B X . Let ǫ > 0 be such that x n > ǫ for all n ∈ N. Then, for every δ > 0, there is a subsequence (x kn ) n of (x n ) n such that ca((x kn ) n ) ≥ ǫ − δ.
Proof. We set
Suppose that we have obtained {x
By induction, we get a subsequence (x kn ) n such that x kn − x km ≥ ǫ − δ(n = m, n, m = 1, 2, ...). This yields that ca((x kn ) n ) ≥ ǫ − δ.
Proof of Theorem
We may suppose that cc(T ) > 0 and fix any c > 0 satisfying cc(T ) > c. Then there is a weakly Cauchy sequence (x n ) n in B X such that ca((T x n ) n ) > c. It follows that there exist two strictly increasing sequences (k n ) n , (l n ) n of positive integers such that T x kn − T x ln > c for all n ∈ N. Set z n = (x kn − x ln )/2. Then (z n ) n is a weakly null sequence in B X and T z n > c/2 for each n ∈ N. Hence lim sup n T z n ≥ c/2 and then cc n (T ) ≥ c/2. Since c < cc(T ) is arbitrary, we get cc(T ) ≤ 2cc n (T ).
Step 2. cc n (T ) ≤ cc(T ).
We may suppose that T = 1 and cc n (T ) > 0. Suppose that cc n (T ) > ǫ > 0. Then there is a weakly null sequence (x n ) n in B X such that lim sup n T x n > ǫ. This yields a subsequence of (x n ) n , still denoted by (x n ) n , so that T x n > ǫ for each n ∈ N. By Lemma 4.2, for every δ > 0, there is a subsequence (x kn ) n of (x n ) n such that ca((T x kn ) n ) ≥ ǫ − δ. This means that cc(T ) ≥ ǫ − δ. Since δ > 0 is arbitrary, we get cc(T ) ≥ ǫ. By the arbitrariness of ǫ < cc n (T ), we obtain cc n (T ) ≤ cc(T ). This completes the proof of Theorem 4.1.
To quantify unconditionally p-converging operators, we will need two measures of non-compactness. Let us fix some notations. If A and B are nonempty subsets of a Banach space X, we set
Thus, d(A, B) is the ordinary distance between A and B, and d(A, B) is the nonsymmetrized Hausdorff distance from A to B.
Let A be a bounded subset of a Banach space X. The Hausdorff measure of noncompactness of A is defined by
Then χ(A) = χ 0 (A) = 0 if and only if A is relatively norm compact. It is easy to verify that
Now we define five quantities which measure how far an operator is from being unconditionally p-converging. Let T ∈ L(X, Y ) and 1 ≤ p < ∞. We set 
We may assume that uc 5 p (T ) > 0. Let us fix any 0 < c < uc 5 p (T ). Then there exists a relatively weakly p-precompact subset L ⊂ B X such that χ 0 (T L) > c. By induction, we can construct a sequence (x n ) n in L such that T x n − T x m > c, n = m, n, m = 1, 2, ... Since L is relatively weakly p-precompact, the sequence (x n ) n admits a weakly p-convergent subsequence that is still denoted by (x n ) n . Thus we get ca((T x n ) n ) ≥ c, which yields uc 3 p (T ) ≥ c. By the arbitrariness of c, we get uc
We assume that uc 2 p (T ) > 0 and fix any 0 < c < uc 2 p (T ). Then there is a weakly pCauchy sequence (x n ) n in B X such that ca((T x n ) n ) > c. By induction, there exist two strictly increasing sequences (k n ) n , (l n ) n of positive integers such that T x kn −T x ln > c for all n ∈ N. Set z n = (x kn − x ln )/2. Then (z n ) n is a weakly p-summable sequence in B X and T z n > c/2 for each n ∈ N. Hence uc
Since c is arbitrary, we get Step 2.
Step 3. uc
Then there exists a weakly p-summable sequence (x n ) n in B X such that T x n > c for all n ∈ N. We claim that χ 0 ((T x n ) n ) ≥ c. If this is false, we can find a finite subset F of (T x n ) n such that d((T x n ) n , F ) < c. Since F is finite, there exist y ∈ F and a subsequence (T x kn ) n of (T x n ) n such that T x kn − y ≤ c for each n ∈ N. Since the sequence (T x kn ) n is weakly null, we get y ≤ c. This contradiction completes the proof Step 3.
The remaining inequalities uc
It should be mentioned that a quantity is defined in [20] to measure how far an operator is unconditionally converging as follows:
Obviously, uc(T ) = 0 if and only if T is unconditionally converging. Inspired by this quantity, we define the sixth quantity measuring how far an operator is unconditionally p-converging as follows:
It is obvious that uc Proof.
Step 1. uc
Step 2. uc(T ) ≤ uc 6 1 (T ). We can suppose that uc(T ) > 0 and fix an arbitrary 0 < c < uc(T ). Then there
we can find two strictly increasing sequences (k n ) n , (l n ) n , l n < k n of positive integers such that kn i=ln+1 T x i > c for all n ∈ N. Let z n = kn i=ln+1 x i (n = 1, 2, ...). It is easy to see that (z n ) n belongs to l w 1 (X) with (z n ) n w 1 ≤ 1 such that T z n > c for all n ∈ N, which yields lim sup n T z n ≥ c. Hence uc 
Quantifying Dunford-Pettis property of order p
Let X be a Banach space and let F be the family of all weakly compact subsets of B X * . For F ∈ F , define a semi-norm q F on X * * by q F (x * * ) = sup
The locally convex topology generated by the family of semi-norms {q F : F ∈ F } is called the Mackey topology, denoted by τ (X * * , X * ). The restriction to X of the Mackey topology τ (X * * , X * ) is called the Right topology in [23] . This topology is denoted by ρ X or simply ρ when X is obvious.
In this section, we introduce a new locally convex topology. Let X be a Banach space and let 1 ≤ p < ∞. Let F p be the family of all relatively weakly p-compact subsets of X. For F ∈ F p , we define a semi-norm q F on X * by
The locally convex topology generated by the family of semi-norms 
Let (x * n ) n be a bounded sequence in X * . We set
and
n is a subsequence of (x * n ) n }. The quantity ca Fp measures how far the sequence (x * n ) n is from being ρ * p -Cauchy. In particular, ca Fp ((x * n ) n ) = 0 if and only if the sequence (x * n ) n is ρ * p -Cauchy. The following result contains two topological characterizations of DP P p .
Theorem 5.2. The following are equivalent about a Banach space X and 1 < p < ∞: (1) X has the DP P p ; (2) Every weakly p-summable sequence in X is ρ-null; (3) Every weakly convergent sequence in X * is ρ * p -convergent.
Proof. The equivalence of (1) and (2) is essentially Theorem 3.1. The implication (3) ⇒ (1) follows from Theorem 3.2. It remains to prove (1) ⇒ (3).
Let (x * n ) n be weakly null in X * . Define an operator T : X → c 0 by T x = (< x * n , x >) n , x ∈ X. Since (x * n ) n is weakly null, T is weakly compact. By (1), we get T is unconditionally p-converging. Let F ∈ F p . It follows from Theorem 2.3 that T F is relatively norm compact in c 0 . By the well-known characterization of relatively norm compact subsets of c 0 , we get wck X (A) = sup{d(clust X * * ((x n ) n ), X) : (x n ) n is a sequence in A}, where clust X * * ((x n ) n ) is the set of all weak * cluster points in X * * of (x n ) n . This yields lim sup n T x n ≤ ǫ+c. Since c > 0 is arbitrary, we obtain lim sup n T x n ≤ ǫ and hence uc (1) ⇒ (3). Let (x n ) n be a weakly p-summable sequence in B X . Let ǫ > 0 be such that A ⊂ K +ǫB X * , K ⊂ X * is weakly compact. For each x * ∈ A, there exists z * ∈ K such that x * − z * ≤ ǫ. This yields
| < x * , x n > | (n = 1, 2, ...).
Since X has the DP P p , it follows from Theorem 3.1 that lim n→∞ sup x * ∈K | < x * , x n > | = 0. Thus we get lim sup n sup x * ∈A | < x * , x n > | ≤ ǫ, which completes the proof (1) ⇒ (3).
(1) ⇒ (4). Let (x * n ) n be a bounded sequence in X * . Let ǫ > 0 be such that (x * n ) n ⊂ K + ǫB X * , K ⊂ X * is weakly compact. For each x * n , there exists z * n ∈ K such that x * n − z * n ≤ ǫ. Since K is weakly compact, there exists a weakly convergent subsequence (z * kn ) n of (z * n ) n . By Theorem 5.2, we see that the sequence (z * kn ) n is ρ * p -convergent and hence ca Fp ((z * kn ) n ) = 0. Note that for any F ∈ F p , F ⊂ B X , we have
), i, j = 1, 2, ...
This yields
ca Fp ((x * kn ) n ) ≤ 2ǫ + ca Fp ((z * kn ) n ) = 2ǫ. Hence, we get ca Fp ((x * n ) n ) ≤ 2ǫ and then ca Fp ((x * n ) n ) ≤ 2ω((x * n ) n ). (4) ⇒ (1). Let (x n ) n ∈ l w p (X) and let (x * n ) n be weakly null in X * . By (4), we get ca Fp ((x * n ) n ) = 0. A classical diagonal argument yields a subsequence (x * kn ) n of (x * n ) n which is ρ * p -Cauchy. By the completeness of the topology ρ * p , we see that the subsequence (x * kn ) n is ρ * p -convergent. Since (x * n ) n is weakly null, (x * kn ) n is ρ * p -null.
